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Abstract- Because it helps solve numerous issues and offers insights into the graph's structure, studying the diametral
path is crucial for network research and design. Graph decomposition, which splits complex graphs into smaller
components, is a crucial area of research in graph theory. It helps facilitate the study and understanding of the
graph's features. A set of discrete subgraphs covering the set of edges in a graph G is called a partition.
Decomposition using trees to link every vertex or diametral paths that can exist between any two vertices in a graph is
still widely studied. As a result, many computationally challenging graph problems become straightforward if the
graph is a tree. In this paper, we introduce novel concepts in graph decomposition like diametral tree decomposition
Dtd, diametral tree decomposition number Dt,, and diametral tree decomposition index Dt; of the helm graph.
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. INTRODUCTION

In the last few decades, graph theory has experienced
significant development. In the majority of studies, a graph
usually refers to a single mathematical model, but a network
frequently refers to a real system. A graph serves as a
mathematical representation of the network. Graph theoretic
techniques offer a robust foundation for understanding and
resolving problems in network systems [1]. A collection of
vertices represents the items in a graph, and a set of edges
created between pairs of vertices provides the interactions
between the objects. Any problem we encounter may be seen,
analyzed, and generalized with the use of graphs [2]. In a
graph, the diametral path depicts the path between these
vertices, and the diameter gives crucial information about the
distance between vertices. Dividing a complicated object into
smaller components with a certain structure is a very typical
process in many mathematical fields. In reality, different graph
theory challenges may be expressed as decomposition issues
[3]. A decomposition of a graph G is a set of edge-disjoint
subgraphs covering its edge set. As a result, many
computationally  difficult  graph  problems  become
straightforward if the graph is a tree. It seems helpful to use a
structural feature of a graph that is a tree in order to solve a
computer issue more efficiently [2], [3]. This motivated
academics to research this subject further. Since at least 1960,

research has been conducted on graph division and
decomposition issues [4]. In 1968, Gallai proposed that every
linked simple graph on n vertices can have a decomposition

with at most EJ elements and only paths [5]. Abueida and

Daven examined variants on the covering, factorization
problems, and subgraph packing to find an effective way to
break down a large complete graph into well-behaved
subgraphs [6]. Yamamoto et al. examined the difficulty of
decomposing a whole graph into a union of stars or line-
disjoint claws [7]. Kumar looked into the P, —decomposition
of various graph classes and specifically demonstrated that a
complete r-partite graph is P, —decomposed [8]. Chung proved
that any graph with n vertices can be decomposition into trees

with a maximum size of BJ Mangam et al. investigated the

quantity of diametral paths, identifying the pathways, cycles,
and stars [9]. The diametral path decomposition index and
diametral path decomposition position number in various graph
types were investigated by Tabitha et al. [2]. Jasim and Hashim
used the diametral path to study the decomposition in Qn (n =
2) [10]. Miriam investigated the use of tree-decomposition to
describe graphs in a tree-like form [2]. The concepts of fuzzy
route decomposition and fuzzy tree decomposition were first
presented by Takaaki Fujita, and they analyze the traits and
implications of these extended concepts [11]. Sethuraman and
Murugan’s innovative hypothesis decomposed a whole graph
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into copies of two arbitrary trees. Antika et al. decomposition
an undirected, unweighted complete graph (K,) into a
minimum number of edge disjoint trees [4]. Fabio Botler
studied that every graph with n vertices permits a

decomposition into trees with a maximum degree of at most EJ

and a maximum size of at least EJ [8].

In this paper we have addressed a new concept in
decomposition. Which is called the diametral tree
decomposition also discuss the diametral tree decomposition
number and the diametral tree decomposition index of the helm
graph.

Il. PRELIMINARIES

Let G be an undirected graph with vertex setV(G) and
edge set E(G). If there is an edge ab € E(G), we say that a
vertex a € V(G) is adjacent to another vertex b € V(G). The
degree of a vertex v, represented as d(v), is the number of
vertices that are adjacent to it. A connected graph T is called a
tree if it is connected and has no cycles. A vertex in a tree is
called a leaf if its degree is 1 [12] , [13].

A spanning tree of connected graph G is a subgraph of
contains all the vertices and some edge, such that V(T) =
V(G) and E(T) < E(G). The two graphs G = (V;, E;) and
H = (Vy, Ey) are isomorphic (written G = H) If a bijection is
present f:V; — Vy such that for any tow vertices u,v € Vg,
the edge (u,v) is in Eg if and only if the edge (f(w), f(v)) is
in Ey, the bijection f is called an isomorphism. The distance
between any two vertices in a graph is shown by the length of
the shortest path connecting them and denoted by Dis(a, b)
where a,b € V(G), A graph's diameter, represented by
Dia(G), is the maximum distance between any two of its
vertices. Dia(G) = max{Dis(a,b),a,b € V(G)} [13],
[14],[15].

Let W, represent the wheel on n > 4 vertices that was
created by attaching a universal vertex v to the cycle C,_;.
Keep in mind that n even corresponds to an odd rim C,_q,
whereas n odd corresponds to an even rim C,,_;. The size of a
wheel graph is given by |E(W,)| = 2n — 2, and the order of a
wheel graph is given by |V (W,)| = n [16].

1. DECOMPOSITION OF GRAPHS

The decomposition of graphs is one of the most well-
known graph theory problems. It involves splitting an input
graph into subgraphs that satisfy specific criteria. A
decomposition of a graph G, {G;, G,, ..., G}, is a set of edge-
disjoint subgraphs of G, such that E(G) = UL, E(Gy). It
involves breaking up an input graph into subgraphs that satisfy
specific properties. These problems fall into two general
categories: The first, referred to as simple decompositions,
divides the input graph into edge-disjoint subgraphs of the
same sort. The input graph decomposes into at least two
distinct types of edge-disjoint subgraphs using the second
approach, it's called "multiple decomposition” [17].
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Iv. DIAMETRAL PATH DECOMPOSITION

Diametral path decomposition, represented as by Dp, is a
set of edge disjoint diametral path of a graph in which each
edge of the graph appears in precisely one diametral path. The
cardinality of such a collection is represented by the diametral
path decomposition number, or dc,. The number of these
decompositions is known as the diameter path decomposition
index, or Dc, . We recall the following results for dc, and Dc,
for specific types of graphs, which were displayed in previous
research [17].

dc,(K,) = n,and Dc,(K,,) = 1, wheren > 2.

dc,(B,) =1,and Dc.(B,) = 1, wheren > 2.

de,(Cp) = 2,and D, (Cy) = Zwhere n > 2.

dc,(0,) = n,and D¢, (Q,) = % where n > 2.
dc,(W,,) =n—1,wheren > 5.

dcoe(Kmn) = % where m,n > 2 and m or n is even.

dc,(S,) = g, and  Dc.(S)=mn—-1Dn-3)(n-
5)..1,wheren = 2 and n is even.

V. DIAMETRAL TREE DECOMPOSITION

In this section, we introduce a new decomposition concept.
The diametral tree decomposition is the name given to this
idea. The following is an explanation of the concept:

Definition 1.

Let G = (V, E) be a connected graph. A triple (Tv,Te, D)
is called a diametral tree decomposition of G, denoted by Dtd,
if the following condition holds:

Tv={v;:1<i<2n, n=4}andUv; =V.

Te={e:le|]=2n—1,n=4}ande €E.

e Every decomposition tree, Dtd, is connected and has a
diameter denoted by D, that is measured from the root
to the furthest point of the tree and equals to the

diameter of the original graph. That is,
Dtd (G) = Dia(G) = D

Definition 2. The cardinality of such a set of
decompositions is known as the diametral tree decomposition
number, denoted by Dt,,.

Definition 3. The diametral tree decomposition index is the
number of Dt,, and denoted by Dt;.

Vl. MAINRESULTS

The helm graph H,(n = 4) is determined by the wheel
graph W, a pendant edge to each rim vertex. The size of a helm
graph is |E(H,)| = 3n, and the order of a helm graph is
[V(H,)| = 2n + 1. Vertices in a graph are divided into three
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types: central vertex ¢, middle vertex mv, mv=
{1,2,3,...,n}, and peripheral vertex pv, pv={n+1,n+

2,..,2n}. Fig. 1 shows the helm graph's graphical
representation H,, [16],[18].
n ﬁ:l n+2
ntl6 a+d
n+15 nts
n+14 n+6
n+13 n+7
10
n+12
n+11 ni'l() n+9

Fig. 1. Helm graph H,, withn > 4.

To talk about the Helm graph's decomposition into
diametral trees and how to determine Dt, (H,) and Dt;(H,).
We introduce Theorem 1.

Theorem 1. If n > 7, then the diametral tree decomposition
number of the helm graph is given by:

1

n—1 n—4
Dtn(Hn): l 3 J+l 3 +

3

if root c

n—7
l 3 J+3, if root mv
if root pv

And the diametral tree decomposition index of the helm
graph is given by:

1 if root c
Dt;(H,) = n(lng;lj + lngjl + l%] +3) if root mv

3n if root pv
Proof.

Assume that H,,n = 7 is a helm graph with 2n vertices,
3n edges, and Dia(H,,) = 4. Next, we are trying to figure out
how many maximum diametral tree decompositions there can
be in H,. Taking into account the helm graph in Fig. 1, we
divide the proof into cases.

Case 1: The tree root that emerges from the diametral tree
decomposition is located at central vertex ¢ in H, , we get the
maximum number of diametral tree decompositions.
Consequently, depending on the value of n, the diametral tree
decompositions seen in Fig. 2 will be the result. Hence, we get
only one decomposition from the root ¢, such that such that
Dt,(H,) = 1and Dt;(H,) = 1.
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b
e

n+l In

Fig. 2. The vertex c is the root

Case 2: The tree root that emerges from the diametral tree
decomposition is located at a peripheral vertex pv =
fn+1,n+2,..2n} of H, Consequently, employing the
isomorphism idea yields the diametral tree decompositions
shown in Fig. 3a, 3b, and 3c. Hence, we get the number
decomposition from the root pv = {n + 1,n + 2, ...,2n} such
that Dt,(H,,) = 3 and Dt;(H,) = 3n.

b

» - it Ind e

Fig. 3. The vertex pv is the root

Case 3: The tree root that emerges from the diametral tree
decomposition is located at a middle vertex mv, mv =
{1,2,3,...,n} of H,. The diametral tree decomposition output
is made up of the total of several subtrees denoted by S, . Each
st starts at the root mv; on one side, it connects to the center
vertex and passes via middle vertices and ends at the peripheral
vertices, and we divide the proof of this case into the
following:

1- The degree 2 tree root is adjacent to a central and
peripheral vertex. Each S, should contain two or three
middle vertices. We will rely on the three-vertex indication
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in the proof because it provides the biggest benefit. We
refer to the number of S.; in S; by |S;|, which may be
found as follows:

a. If |S;| =0, there are only two middle vertices in
each st, as illustrated in Fig. 4a.

b. If |St5] =1, there is only one S, with three middle
vertices, while the other S, has two middle vertices, as
shown in Fig. 4b.

c. If |S;3] = 2, there are only two S, with three middle
vertices, while the other S, has two middle vertices, as
shown in Fig. 4c.

d. Similarly, depending on the choice of n, this

technique can be expanded to obtain all S, with three
middle vertices for the graph, so that lnT_lJ gives the
number of S, as illustrated in Fig. 4d.
Thus, one of the diametral tree decompositions depicted
in Fig. 4a, 4b, 4c, and 4d is obtained by applying the

isomorphism concept with (a) to (d). Hence, we get the
diametral tree decomposition number from the root mv

such that Dt,,(Hpmy)) = lnT_lj + 1. Since root mv can

generate many diametral tree decompositions that
resemble Fig. 4a, 4b, 4c, and 6d the diametral tree

decomposition  index equals nlnT_lJ+n; hence

Dti(Hn(mv)) = n(lnT_lJ +1).

we it

w0

Fig. 4. The vertex mv = 1 is the root

The degree 3 tree root is adjacent to a peripheral vertex, a
middle vertex, and a central vertex. Each S, should contain
two or three middle vertices. With the exception of the
three middle vertices that are attached to the root. We will
rely on the three-vertex indication in the proof because it
provides the biggest benefit, which may be found as
follows:
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If |S;5| =0, there are only two middle vertices in
each st, as illustrated in Fig. 5a.

f.  If[S;3] =1, there is only one S, with three middle
vertices, and the remaining S, contains two middle
vertices, as shown in Fig. 5b.

g. If|S3| = 2, there are only two S,'s with three middle
vertices, and the remaining S, contains two middle
vertices, as shown in Fig. 5c.

h. Similarly, depending on the choice of n, this

technique can be expanded to obtain all S, with three
middle vertices for the graph, so that 1"7_4] gives the
number of S, as illustrated in Fig. 5d.

Thus, one of the diametral tree decompositions depicted in
Fig. 5a, 5b, 5c, and 5d is obtained by applying the
isomorphism concept with (e) to (h). Hence, we get the
diametral tree decomposition number from the root mv such
that Dt,,(Hpmv)) = lnT_A‘J + 1. Since root mv can generate

many diametral tree decompositions that resemble Fig. 5a, 5b,

5c¢,

n l"T_‘}J +n; hence Dt;(Hymy)) = n(lnT_‘LJ +1).

and 5d the diametral tree decomposition index equals

3-

Fig. 5. The vertex mv = 1 is the root

The degree 4 tree root is adjacent to a peripheral vertex, a
central vertex and two middle vertices. Each S, should
contain two or three middle vertices. With the exception of
the six middle vertices that are attached to the root. We
will rely on the three-vertex indication in the proof
because it provides the biggest benefit, which may be
found as follows:

i. If |Se5| =0, there are only two middle vertices in each

S, as illustrated in Fig. 6a.
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j- If |S;3] =1, there is only one S; with three middle
vertices, and the remaining S; contains two middle
vertices, as shown in Fig. 6b.

k. If |S.3] = 2, there are only two S;'s with three middle
vertices, and the remaining S, contains two middle
vertices, as shown in Fig. 6c.

I. Similarly, depending on the choice of n, this technique
can be expanded to obtain all S, with three middle

vertices for the graph, so that l"TJJ gives the number
of S, as illustrated in Fig. 6d.

Thus, one of the diametral tree decompositions depicted in
Fig. 6a, 6b, 6c, and 6d is obtained by applying the
isomorphism concept with (i) to (I). Hence, we get the
diametral tree decomposition number from the root mv such
that Dt,(Hymv)) = l"TJJ + 1. Since root mv can generate
many diametral tree decompositions that resemble Fig. 6a, 6b,
6¢c, and 6d the diametral tree decomposition index equals

n lnTJJ + n ; hence Dt;(Hymy)) =1 lnTJJ +n.

‘ -
i e ® o il

Fig. 6. The vertex mv = 1 is the root

The following is an expression for the D¢, (H,) and DTE
final outcomes from compiling the results of the above cases:

Dty (Hy) = |2 + |52 + |57 + 7 and

Dt;(Hy) = n (|| + |52+ |52 +6) +1. and  that

proves Theorem 1.
CONCLUSION
Graph decomposition is an important topic of graph theory

research that breaks down complicated networks into smaller
components. It is still very common to investigate
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decomposition using trees and diametral pathways that can
exist between any two vertices in a graph. In this study, we
present a new idea in graph decomposition, diametral tree
decomposition (Dtd) of the helm graph. Such that every
decomposition tree result is connected and has a diameter
denoted by D, which is measured from the root to the furthest
point of the tree and equals the diameter of the original graph.
The following table presents the results of Dt,(H,) and
Dt;(H,), with 7 < n < 18, obtained using Theorem 1.

TABLE 1. THE RESULTS OF Dt,,(H,,) AND Dt;(H,), WITH7 <n <

18
H, Dt,(H,) Dt;(H,)
H, 10 64
Hg 10 73
H, 10 82
H, 13 121
Hi, 13 133
Hy, 13 145
Hi; 16 196
Hi, 16 211
His 16 226
Hie 19 289
H,, 19 307
Hig 19 325
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