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(DQD) at (Si/SiO2) interface using COMSOL Multiphysics wave functions 

was estimated. By evaluating different potential, this calculation is performed 

within a specified region of interest. We evaluated these findings in relation 

to a situation in which Fock-Darwin (FD) states are used and a precisely 

known solution of a one-dimensional Schrödinger equation exists. Our study 

reveals the effectiveness of the applied method and provides interesting 

investigation of the reliability and accuracy of the computational method used.  
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 صباح مهدي محمد امين              عماد صادق تايه

 

 قسم الفيزياء، كلية العلوم، جامعة البصرة، البصرة، العراق  

 الــــخُـــلاصـــة   الكلمات المفتاحية: 

الكمومية   النقاط 

 المزدوجة 

 تفاعل التبادل 

هيتلر  تقريب  هوند (HL) لندن-استخدمت  المجهرية  (HM) مولكن- وتقريب  الحسابات  في 

بين حالات ثلاثية وثنائية في نقطة الكم  J الكمومية المزدوجة. تم تقدير تفاعللنقطتي كيوبيات سبين  

 COMSOL باستخدام دوال الموجات لبرنامج (Si/SiO2) المرتبطة عند واجهة (DQD) المزدوجة

Multiphysics.  .من خلال تقييم الإمكانات المختلفة، تم إجراء هذا الحساب داخل منطقة اهتمام محددة
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1. INTRODUCTION 

 Highly interesting systems for 

investigating basic quantum physics 

and investigating uses in quantum 

electronics are double quantum dots 

(DQDs). They show great potential for 

application in the building of quantum 

computers[1-3]. These little objects 

have charge carriers restricted in three 

dimensions, which makes them 

occasionally compared to manufactured 

atoms[4]. 

Usually, it is used on a 2D electron 

gas (2DEG), the confinement is 

achieved by the means of electrical 

gating or etching processes. Research 

on conductance and spectroscopy has 

focused especially on quantum dots, 

which have diameters almost equal to 

the Fermi wavelength and show unusual 

energy levels.[5, 6]. Furthermore, 

measurements are carried out connected 

to the spectroscopy[7].  Starting from 

zero, one can have incremental control 

over the electron count in GaAs 

heterostructures by varying the dots[8, 

9]. Fundamental in quantum 

computation, qubit encoding has been 

proposed using several approaches. 

Notably, semiconductor quantum dots 

hosting spin qubits are considered 

highly promising candidates due to their 

extended coherence time, high control 

fidelities[10-13], and scalability 

potential[14]. Design of spin-based 

quantum computers depends highly on 

the interaction between localized 

electrons. For instance, the first Loss-

DiVincenzo (LDV) idea shows how to 

manipulate exchange interaction with 

electrical control to generate 2-qubit 

gates like SWAP and controlled NOT 

gates.[15].  

The Kane proposal utilizes 

donor electron exchange to enable 

interactions between nuclear spins and 

generate two-qubit gates. On the other 

hand, the |S⟩ , |T⟩ qubit proposal, as of 

late, utilizes controlled exchange 

splitting for single-qubit gates[14, 16].  

Different qubit structures, such as the 

single-spin qubit and the exchange-only 

qubit, have been suggested, 

demonstrating the variety of 

techniques[15, 17-24]. Various qubit 

designs have been suggested, such as 

the single-spin qubit which is 

represented by the spin states of an 

electron[15, 17]. The ST0 qubit employs 

|S⟩ ,and |T⟩ states of 2-electron 

configurations as the computational 

basis[10]. Furthermore, the 

 الحوسبة الكمومية

  

وحل معروف بدقة لمعادلة   (FD) داروين-قمنا بتقييم هذه النتائج فيما يتعلق بحالة استخدام حالات فوك

شرودنجر أحادية البعد. يكشف دراستنا عن فعالية الطريقة المطبقة ويقدم تحقيقًا مثيرًا للاهتمام حول 
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exchange(J) , only qubit[18-20] and its 

alternate counterpart, the resonance-

exchange qubit[21, 25], can be realized 

by utilizing particular 3-electron states 

in triple quantum dots and hybrid 

qubits[22-24]. Silicon is becoming 

increasingly recognized as a highly 

promising material for hosting a spin 

quantum-information processor, as it 

possesses remarkable spin coherence 

qualities in its bulk[26, 27]. The native 

form of the substance consists of a 

limited number of nuclear spins (5% of 

29Si, with a spin of 1/2), which can be 

further purified isotopically.  

The feeble hyperfine interaction 

between conduction electrons (or 

electrons attached to donors) and 

individual nuclei in silicon hinders 

electron-spin decoherence generated by 

hyperfine interaction[28], which is a 

major factor in III-V materials such as 

GaAs[29]. The silicon    additionally 

demonstrates a negligible spin-orbit 

interaction[30] and does not possess 

piezoelectric interaction, which results 

in a delayed relaxation of electron spin 

caused by phonons. However, silicon's 

conduction band structure, which 

consists of six equivalent minima, poses 

a significant disadvantage[31]. The 

motivation for this research comes from 

recent progress in experimental 

development of spin qubits in (Si/SiO2) 

[32-34]. Our calculations focus on 

determining the exchange interaction 

(J) and tunnel coupling of electrons in 

double quantum dot (DQD) structures 

within a silicon/silicon dioxide 

(Si/SiO2) system. We would expect a 

more significant absolute value of J- 

interaction. Firstly, we utilize 

COMSOL Multiphysics to determine 

the wave functions by employing 

various potentials. Subsequently, we 

conduct a calculation of J-interaction by 

employing approximation techniques to 

determine the suitability of the HL and 

HM models in estimating exchange 

splitting in a silicon double dot. 

Afterwards, we will compare the results 

with the analytically solvable double-

well potential solutions (CA) and the 

Fock-Darwin states (FD)[35, 36]. The 

structure of this document is as follows. 

In section 2, we employ the theoretical 

approach to determine the wave 

functions using the COMSOL 

Multiphysics tool. The calculation 

results are displayed in section 3, 

showcasing the J-interaction as a 

variable of inter-dot distance. This is 

achieved through the utilization of the 

HL and HM methods. Ultimately, we 

bring our paper to a close in section 4. 

2.THEORETICAL FORMALISM 
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 Let's examine a DQDs positioned 

at the interface between silicon (Si) and 

silicon oxide (SiO2), with its 

development direction aligned along 

the z-axis. The Hamiltonian describing 

the effective mass of two electrons in a 

double quantum dot (DQDs)  that is 

given by [37]: 

𝐻 = ∑ ℎ𝑖 +

𝑖=1,2

𝑒2

𝑘𝑟12
                    (1) 

 

where i=1,2 represent the labels for 

the two electrons, ℎ𝑖 refers to the single-

particle Hamiltonian, k is the effective 

dielectric constant, which takes into 

account the image charge in the 

surrounding SiO2 and is calculated as  k 

=(𝜀Si+𝜀SiO2) /2 . r12 represents the 

distance between the two electrons. The 

Hamiltonian that describes the behavior 

of a single electron is:  

ℎ𝑖̂ = 𝑇𝑖̂ + 𝑉𝑟𝑖 + 𝑒𝐸𝑥𝑖 + 𝑔𝑒𝑓𝑓𝜇𝐵𝐵𝑆𝑖𝑧 (2) 

𝑇𝑖̂ =
1

2𝑚
[𝑝𝑖 −

𝑒

𝑐
 𝐴(𝑟𝑖)]

2

                 (3) 

The effective mass in the traverse 

direction (z and −z direction) is denoted 

by m and has a value of 0.191me for 

Si/SiO2 DQDs. The vector potential 

A(ri) corresponds to the magnetic field 

in the z direction. A is exactly the same 

as B, using the coordinates (-y, x, 0/2). 

However, our discussion will exclude 

the consideration of the vector potential 

because it is not applicable to solvable 

solutions, which are limited to one-

dimensional situations. The electric 

field, represented by E, is oriented in the 

x-direction to shift the potential well in 

the z-direction. While "V(ri)" 

represents the potential confinement of 

electrons in the (DQDs), the final term 

in equation (2), 𝑔𝑒𝑓𝑓, corresponds to the 

effective g-factor, which is, 𝜇𝐵 Bohr 

magneton. 

They examine a configuration 

comprising of two quantum dots 

connected horizontally, where each dot 

houses a single electron in the 

conduction band. The localization of 

electrons in (DQDs) system can be 

precisely determined using a two-

dimensional potential function, 

primarily responsible for the intense 

confinement in the z-direction [38]. 

Nevertheless, the existence of solvable 

double-well potential solutions is 

restricted to 1D solutions [36, 39-43] 

and has not yet been extended to 2D 

solutions. Hence, in this study, we will 

utilize the approach proposed by 

Caticha [36], to solve the 1D double-

well potential Schrödinger equation. 
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𝑉𝐶𝐴(𝑥) = −2
(𝑎2 − 𝑏2)[𝑎2 cosh2(𝑏𝑥) + 𝑏2 sinh2(𝑎𝑥)

[𝑎 cosh(𝑎𝑥) cosh(𝑏𝑥) − 𝑏 sinh(𝑎𝑥) sinh(𝑏𝑥)]2
       .                (4) 

While the Fock-Darwin states do 

not precisely fulfill the Schrödinger 

equation for the double well potential 

function, they are commonly used to 

describe the state of a single electron in 

(DQDs). This is based on the 

assumption that the potential function 

can be estimated as bi-quadratic when 

the electron is in the ground energy state 

and is close to the bottom of the well. 

[38]. 

𝑉𝐵𝑄(𝑥) =
1

2
𝑚𝜔0

2(min[(𝑥 − 𝑑)2, (𝑥 + 𝑑)2])                                                        (5) 

The energy difference between |T0⟩ 

and |S⟩ state is the essential physical 

parameter that allows for quantum 

computing in the ST0 qubit architecture. 

The J- interaction refers to the 

phenomenon of energy splitting. J = ET0 

- ES. If the DQD contains two electrons 

and their interaction is limited to the 

Coulomb interaction there will be four 

spin eigenstates in a uniform magnetic 

field. These states are |S⟩ = 
1

√2
(|↑↓⟩ - 

|↓↑⟩) with a total spin of S = 0) and 

(|T0,+,−⟩ = 
1

2
  | ↑↓⟩ + | ↓↑⟩, | ↑↑⟩, | ↓↓⟩ with 

a total spin of S = 1.  

The study will provide a detailed 

explanation of the two approaches, HL 

and HM , that can be employed for 

calculating the J- interaction. 

A. Heitler-London Approach 

Considering only the states with a 

single occupant, namely |S (1, 1) ⟩ and 

|T0(1, 1)⟩, and assuming the existence of 

a doubly occupied singlet state, the HL 

technique provides the most direct 

calculation of the exchange interaction. 

By considering our system as a pair of 

artificial atoms that exhibit behavior 

like hydrogen, we can use the Heitler-

London approach, also known as the 

valence orbit approximation, to 

calculate the exchange energy 

component. |S⟩  and |T0⟩ states are 

indicated by[44]. 

|𝑆/𝑇0⟩

=
|𝜓𝐿(1)𝜓𝑅(2)⟩ ± 𝜓𝐿(1)𝜓𝑅(2)⟩⟩

√2(1 ± ℓ2)
                                                       (6) 

 

The overlap between the left |𝜓𝐿 ⟩ 

and right  |𝜓𝑅 ⟩ dot single electron states 

is denoted byℓ and is defined as the 

inner product of the state ℓ = 〈𝜓𝐿 |𝜓𝑅 〉. 

𝐽𝐻𝐿which refers to the energy difference 



JOURNAL OF KUFA–PHYSICS |  Vol. 16, No. 2 (2024)                                                        Emad. S. Taiyh 

   53 

between |S⟩ and |T0⟩ state, can be 

represented by 

𝐽𝐻𝐿 = ⟨𝑇0|𝐻̂|𝑇0⟩ − ⟨𝑆|𝐻̂|𝑆⟩       (7) 

which can be rewritten in a simpler 

form as follows: 

𝐽𝐻𝐿 =
2ℓ2

1−ℓ4 ( 𝑊𝑣 + 𝐷0 −
1

ℓ
𝐸0)   (8) 

The explicit form of each element 

in eq. (8) can be shown as follows : 

 Wv is the kinetic energy gain of 

the singlet state.  

             𝑊𝑣 = (𝑢 −
𝓌

ℓ
)          (9)    

                  

          𝓊 = 𝑉𝑞𝐿
𝐿𝐿 + 𝑉𝑞𝑅

𝑅𝑅 = ⟨𝜓𝐿|𝑉𝑞 − 𝑉𝐿 |𝜓𝐿⟩ + ⟨𝜓𝑅|𝑉𝑞 − 𝑉𝑅 |𝜓𝑅⟩                       (10)                                                                           

                   𝓌 = 𝑉𝑞𝐿
𝑅𝐿 + 𝑉𝑞𝑅

𝐿𝑅 = ⟨𝜓𝑅|𝑉𝑞 − 𝑉𝐿 |𝜓𝐿⟩ + ⟨𝜓𝐿|𝑉𝑞 − 𝑉𝑅 |𝜓𝑅⟩ (11)  

                   𝐷0 = ⟨𝜓𝐿(1)𝜓𝑅(2)|𝐶̂ |𝜓𝐿(1)𝜓𝑅(2)⟩                                                      (12) 

                   𝐸0 = ⟨𝜓𝐿(1)𝜓𝑅(2)|𝐶̂ |𝜓𝑅(1)𝜓𝐿(2)⟩                                                           (13)  

D0 represents the Coulomb 

interaction contribution, while E0 

represents the exchange Coulomb 

interaction. It is evident that when the 

precise solutions and their matching 

potential functions are utilized in any 

scenario. 

B. Hund-Mulliken Approach 

Let us now examine the HM 

method for molecular orbitals[45]. This 

extends the HL method by 

incorporating the 2 doubly occupied 

states, which are characterized by their 

spin singlet nature. This results in the 

presence of four dimensions within the 

orbital Hilbert space. Consequently, 

two additional states, |S (2, 0) ⟩ and |S 

(0, 2)⟩, which are doubly occupied, are 

incorporated into the Hamiltonian H. 

As a result, a matrix of size 4 × 4 is 

obtained. The HM approach, with its 

more rigorous estimation, has been 

proven to provide a more accurate 

estimation of the J- interaction [37, 38]. 

Firstly, it is necessary to perform the 

orthonormalization of the wave 

function for a single electron. This 

involves using two functions.  

𝜙𝐿 = 𝐿(𝑥)    (14a)  

ϕR =
1

√1−ℓ2
(R(x) − ℓ L(x))(14b)    

The DQDs has two-electron states 

with orthonormalized wave functions 

representing single electron states. 

These states consist of two doubly 

occupied singlets, denoted as |S (2, 0) ⟩. 

It is feasible to generate the (1,1) , |T(1, 

1)⟩, the (1,1) , |S (1, 1)⟩, and |S (0, 2)⟩. 

The spatial wave functions for the three 



JOURNAL OF KUFA–PHYSICS |  Vol. 16, No. 2 (2024)                                                                                     Emad. S. Taiyh  

  54 

singlet and the (1, 1) triplet can be 

expressed as follows: 

𝜓𝐿/𝑅
𝑑  (𝑟1, 𝑟2) = 𝜙𝐿/𝑅(𝑟1 )𝜙𝐿/𝑅(𝑟2 )      ,                              (15)  

𝜓𝑆/𝑇 
(1,1)

 (𝑟1, 𝑟2) =
1

√2
[𝜙𝐿(𝑟1 )𝜙𝑅(𝑟2 ) ± 𝜙𝐿(𝑟2 )𝜙𝑅(𝑟1 )]   .   (16) 

The states that are occupied by two 

particles are denoted by the superscript. 

The Hamiltonian expressed in the S(2, 

0), S(0, 2), S(1, 1), T (1, 1) basis can be 

represented as follows     

        𝐻 = [
  
2𝜀𝐿 + 𝑈 𝑋

𝑋 2𝜀𝑅 + 𝑈
                

𝑊        0
𝑊        0

     

         
𝑊            𝑊
0              0

       
              𝑉𝑠     0
              0       𝑉𝑇

    
]     ,            (17)                    

Where 

                                             𝜀 = 𝜀𝑅 − 𝜀𝐿                                                            (18)  

                               𝜀𝑅 = ⟨𝜙𝑅|ℎ0|𝜙𝑅⟩    ,                     𝜀𝐿 = ⟨𝜙𝐿|ℎ0|𝜙𝐿⟩          (19)   

where ℎ0   the single particle  

Hamiltonian. 

                             𝑋 =  ⟨𝜓𝐿/𝑅
𝑑 |𝐶̂|𝜓𝑅/𝐿

𝑑 ⟩                                                  (20) 

                           𝑈 =  ⟨𝜓𝐿/𝑅
𝑑 |𝐶̂|𝜓𝐿/𝑅

𝑑 ⟩     ,                                               (21)   

                          𝑊 =  
1

√2
⟨𝜓𝐿/𝑅

𝑑 |𝐶̂|𝜓𝑠
(1,1)

⟩ ,                                               (22) 

    𝑉𝑠 = [𝜀 +  
1

2
⟨𝜓𝑠

(1,1)
|𝐶̂|𝜓𝑠

(1,1)
⟩]                                      (23)   

                         𝑉𝑇 = [
1

2
⟨𝜓𝑇

(1,1)
|𝐶̂|𝜓𝑇

(1,1)
⟩]                                          (24)  

The energy of individual particles 

in the left(L) and right( R )dots in the 

previous matrix are denoted by 𝜀𝐿 and 

𝜀𝑅 , respectively. The difference 

between them in 𝜀 which serves as the 

detuning parameter. U represents the 

Coulomb repulsion that occurs on-site. 

VS and VT are the Coulomb energies 

associated with the |S⟩ and |T⟩ states of 

(1,1) respectively. 𝜓𝑇/𝑆
(1,1)

 is formed by 

using orthogonalized single-electron 

orbitals. X can be likened to an interdot 

Coulomb exchange integral and a W 

Coulomb matrix element. All these 
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quantities can be represented in terms of 

the corresponding matrix elements 

between the initial, non-orthogonal, L, 

and R orbitals 𝜙𝐿/𝑅. These matrix 

elements, referred to as D0, E0, X, etc., 

represent the naked orbital interactions. 

The energy diagram for the 2-dot 

system can be produced by extracting 

the eigenvalues and eigenvectors from 

the 4×4 Hamiltonian matrix (eq. (17)). 

The energy value of the state 

eigenvector is directly related to each 

corresponding eigenvalue. A mixed 

state can be represented by a state 

vector that has distinct probabilities 

associated with different bases. 

Alternatively, it can also be a pure basis 

state. Calculating the numerical values 

for every matrix element allows one to 

approximate the energy of every 

electron state by considering variables 

including potential well separation and 

detuning strength. One can deduct the 

energy value of |T⟩ state from that |S⟩ 

state to determine the (𝐽𝐻𝑀) between the 

|𝑆⟩ and |𝑇0⟩  state. 

Integrations using FD states can 

sometimes yield analytical solutions for 

both the Coulomb and kinetic terms. 

Nevertheless, the immense intricacy of 

the wave functions represented by 

Caticha[36], which are totally solvable, 

renders analytic solutions unachievable. 

Consequently, numerical integration 

methods were employed as an 

alternative. By utilizing COMSOL 

Multiphysics, we conducted a study on 

the exchange coupling in the ST0 qubit 

architecture. Through this 

investigation, we successfully 

determined the wave functions for both 

the left 𝝍𝑳 
𝑪𝑶𝑴,  and right  𝝍𝑹,

𝑪𝑶𝑴  states, 

and subsequently performed 

calculations on the exchange reactions 

,considering both the potential of VBQ 

nature and VCA. This study involved a 

comparison between the COMSOL 

Multiphysics wave functions approach 

and the Fock-Darwin states as 

represented by equation (5).  

Furthermore, the VCA can be solved 

exactly, as shown in equation (4). 

3. RESULTS AND DISCUSSION 

We calculate the J-interaction 

between the |𝑇 and |𝑆⟩ states in a linked 

DQDs near a (Si/SiO2) interface, by of 

the COMSOL Multiphysics wave 

functions in the specific domain. 

Maintaining the same spacing between 

dots, the well depth and possible barrier 

of the VBQ were tuned to match the VCA. 

Our estimates have been done using dot 

sizes that are practically feasible in 

tests. We study the effects on exchange 

in symmetric DQDs of confinement 

energy and inter-dot distance. 
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Additionally, the impact of inter-dot 

distance on the J-interaction is 

determined using the HL and HM 

approaches. Lastly, the influence of 

different types of potentials on the 

exchange coupling is discussed.   This 

section displays the wave function 

employed by the COM program to 

compute the exchange interaction(J) for 

this project under two distinct 

potentials, namely VBQ and VCA. It also 

compares this solution with the FD 

states and the analytically solvable 

wave function proposed by 

Caticha[36]. The exchange interaction 

(J)is determined as a function of the 

inter -dot distance (d) between the dots 

while keeping the well depth constant. 

The well depth and potential barrier are 

selected to have similar magnitudes as 

the VBQ employed for FD states (with 

ℏ𝜔0 = 7.658𝑚𝑒𝑉). The COMSOL wave 

functions ψL 
COM, ψR,

COM, in Fig 1. Fig 1 

(b) illustrates that the wave functions 

CA was most focused at the interdot 

region compared to FD's. 

Consequently, one would anticipate a 

robust interdot Coulomb interaction 

over extended distances and a high 

likelihood of interdot hopping. The 

presence of a dense concentration of 

probability at the interdot area was 

deemed a typical in cellular automata 

due to two specific reasons. The wave 

functions were expected to display 

symmetry because of the symmetric 

characteristics of both the left(L) and 

right(R) wells. In addition, the VCA 

exhibited a greater degree of 

confinement compared to the VBQ, 

although having identical barrier height 

and interdot distance. However, this 

attribute can be clarified by the 

existence of a neighboring secondary 

potential well. This allows the particle 

located in one well to experience 

quantum tunneling across the potential 

barrier and appear in the adjacent well. 

 

                                        (a) 
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                                    (b) 

Fig 1: COMSOL wave functions 𝛙𝐋 
𝐂𝐎𝐌, 𝛙𝐑,

𝐂𝐎𝐌 

, (a) corresponding to bi-quadratic potential  

𝐕𝐁𝐐 , (b) corresponding to CA potential. 

In Fig 2, the most prominent 

observation is the estimated exchange 

interaction(J) as determined by the 

COMSOL Multiphysics wave function 

when applied. The VCA exhibited a 

notably greater magnitude compared to 

that calculated by FD states with VBQ, 

owing to two main factors: (i) the 

elevated concentration of   𝜓𝐿 
𝐶𝑂𝑀, 𝜓𝑅,

𝐶𝑂𝑀 

achieved through the utilization of the 

CA potential VCA (Fig 1 (b)) derived 

from the VBQ (Fig1(a)), and (ii) the 

more overlap  resulting from the VCA 

function, which surpasses that of the 

VBQ with equivalent barrier height and 

inter-dot distance. Furthermore, Fig.2 

demonstrates that as the distance 

between the dots increased, the level of 

interaction between them decreased. 

Dot degree of overlap between the wave 

functions of the left and right dots 

(𝛹𝐿  , 𝛹𝑅)clarifies the obtained result. 

Reduced overlap between the left(L) 

and right(R) dot resulting from 

increased spacing between the dots 

reduced Coulomb interaction and inter-

dot hopping, therefore weakening the J- 

interaction at last. 

 

                                         (a) 

 

                                     (b) 

Fig 2: Calculated exchange interaction vs. inter-

dot distance (d) by sing COMSOL Multiphysics 
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wave functions for bi-quadratic potential 𝑽𝑩𝑸 and 

Caticha’s potential 𝑽𝑪𝑨 (a) HL approach, (b) HM 

approach. 

Furthermore, due to the limited 

scope of the HL approach, which only 

considered the |S (1, 1) ⟩ and |T0⟩ states, 

the omission of the |S (2, 0) ⟩ and |S (0, 

2) ⟩ states may have introduced some 

level of error in the calculation of the J- 

interaction. Consequently, the HM 

technique yielded a more precise 

outcome for the J- interaction due to the 

inclusion of the |S (2, 0)⟩ and the |S (0, 

2)⟩ states in the Hamiltonian H. Fig 2 

(b) demonstrates that the (J)predicted 

by the HL approach was at least one 

times greater than that predicted by the 

HM approach, while observed in 

previous studies the HL approach was 

larger by at least five times than that 

predicted by the HM approach .  

Due to our utilization of COMSOL 

Multiphysics wave functions and the 

mathematical approach employed to 

determine the components of the 4×4 

Hamiltonian matrix, this indicates that 

incorporating the doubly occupied state 

in the HM method has a substantial 

impact on the magnitude of the (𝐽𝐻𝑀) 

provided a significantly more precise 

estimation of (JHL) compared to the HL 

model. 

Specifically, the exponential decay 

occurs when the interdot distance d is 

large, regardless of whether the HL or 

HM techniques are used. Nevertheless, 

we notice a significant and rapid growth 

in the J- interaction when the distance 

(d) reached 25 nm in both the HL and 

HM approximations. This phenomenon 

was unrealistic according to previous 

studies [34, 35].  Upon further 

examination, it was observed that the 

exponential increase mentioned earlier 

was less prominent in the HM 

approximation compared to the HL 

approximation. This suggests that the 

HM approximation yields a most 

accurate result, especially when the 

distance between the dots is small. 

Furthermore, it was noted that the (J) 

obtained was within the meV range, 

rather than  the µ eV range commonly 

reported in earlier investigations [34, 

35]. The conflicting outcomes can be 

ascribed to the utilization of the one-

dimensional wavefunction instead of 

the two-dimensional wavefunction 

when characterizing the single electron 

state in DQD in the proposed 

methodology. Nevertheless, the J- 

interaction with the COMSOL 

Multiphysics wave function produced 

distinct qualitative outcomes in both HL 

and HM approaches. This is evident 

when comparing the acquired findings 

with those from previous 

investigations, which utilized the 
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identical potential and quantum dot 

sizes, as depicted in Fig 3, Fig 4.  In Fig 

3 a, the J- interaction exhibited similar 

characteristics in both our calculations 

using the HL approach and the Fock 

Darwin states. This similarity can be 

attributed to the equal overlap between 

the COMSOL states and FD states. 

Nevertheless, a discrepancy arose when 

employing Caticha's wave function, as 

depicted in Fig 3b. Similarly, the Hand-

Millikan technique yielded consistent 

results with the Fock Darwin examples, 

as depicted in Fig 4 a. 

 

                      (a)  

 

                        (b) 

Fig 3: Comparison between exchange coupling 

by using COMSOL states ,  FD states and,  

Caticha’s wave function .(a)The solid blue line 

corresponds to (J) calculated by FD states  𝝍𝑭𝑫  

, The O-red line corresponds to the 

𝝍𝑳 
𝑪𝑶𝑴, 𝝍𝑹,

𝑪𝑶𝑴 along with 𝑽𝑩𝑸. (b)The O- blue 

line corresponds to (J) calculated by Caticha’s 

wave function   𝝍𝑪𝑨  , The solid red line 

corresponds to the 𝝍𝑳 
𝑪𝑶𝑴, 𝝍𝑹,

𝑪𝑶𝑴 along with 𝑽𝑪𝑨 

4. CONCLUSION 

From the Coulombic interactions 

among the system's electrons, one 

gets the interaction J. Using the 

Hitler-London and Hand-Millikan 

approximation, we have determined 

the exchange coupling between two 

electrons in double quantum dot 

configurations within a Si/SiO2 

heterostructure. The J- interaction 

for the singlet-triplets qubit ST0 was 

computed using the wave functions 

produced by COMSOL 

Multiphysics. This computation 

considered several possible values 

including 𝑉𝐶𝐴and 𝑉𝐵𝑄. When 
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compared to results provided from 

conventional methods, the J- 

interaction acquired from the states 

of COMSOL shows some 

interesting properties. These 

comprise a non-monotonic curve of 

(J) as well as a significant size of (J) 

resulting from a high interdot 

probability density. When 

comparing the findings of standard 

techniques using finite difference 

(FD) states with a 𝑉𝐵𝑄  with the 𝑉𝐶𝐴, 

one finds notable differences. 

References 

[1 ]  M. Najdi, J. AL-Mukh, and H. 

Jassem, "Heat current across 

double quantum dots in series 

coupled to ferromagnetic leads 

in antiparallel configuration 

within weak interdot coupling 

regime," Journal of 

Computational Electronics, vol. 

20, pp. 2403-2410, 2.021 

https://doi.org/10.1007/s1082
5-021-01778-5 

 

[2 ]  X. Zhang, H.-O. Li, G. Cao, M. 

Xiao, G.-C. Guo, and G.-P. Guo, 

"Semiconductor quantum 

computation," National Science 

Review, vol. 6, no. 1, pp. 32-54, 

2019. 
https://doi.org/10.1093/nsr/nw
y153 

[3 ]  J. Cayao, M. Benito, and G. 

Burkard, "Programmable two-

qubit gates in capacitively 

coupled flopping-mode spin 

qubits," Physical Review B, vol. 

101, no. 19, p. 195438, 2020. 
https://doi.org/10.1103/PhysR
evB.101.195438 

[4 ]  L. Jacak, P. Hawrylak, and A. 

Wojs, "Quantum Dots, Springer, 

Berlin 1998 ". 

[5 ]  L. P. Kouwenhoven, C. M. 

Marcus, P. L. McEuen, S. 

Tarucha, R. M. Westervelt, and 

N  .S. Wingreen, "Electron 

transport in quantum dots," 

Mesoscopic electron transport, 

pp. 105-214, 1997. 
https://doi.org/10.1007/978-
94-015-8839-3_4. 

 

[6 ]  B. Guido, "Coupled quantum 

dots as quantum gates/Guido 

Burkard, Daniel Loss, David P. 

DiVincenzo," Phys. Rev. B, vol. 

59, pp. 2070-2078, 1999. 
https://doi.org/10.1103/PhysR
evB.59.2070. 

[7 ]  R  .Ashoori, "Electrons in 

artificial atoms," Nature, vol. 

379, no. 6564, pp. 413-419, 

1996. 
https://doi.org/10.1038/37941
3a0 

[8 ]  S. Tarucha, D. Austing, T. 

Honda, R. Van der Hage, and L. 

P. Kouwenhoven, "Shell filling 

and spin effects in a few electron 

quantum dot," Physical Review 

Letters  ,vol. 77, no. 17, p. 3613, 

1996. 
https://doi.org/10.1103/PhysR
evLett.77.3613. 

[9 ]  A. A. Hashim, T. Salman, and 

H. J. B. J. o. S. Jassem, "Fano 

and Dicke Effects in Parallel-

Coupled Quantum Dots 

Embedded Between Two 

Leads," vol. 41, no. 3, pp. 

465-481, 2023. 
Doi:10.29072/basjs.2022010

9 

[10 ]  J. R. Petta et al., "Coherent 

manipulation of coupled 

electron spins in semiconductor 

quantum dots," Science, vol. 

309, no. 5744, pp. 2180-4, Sep 

30 2005. 
https://doi.org/10.1126/science
.1116955 

https://doi.org/10.1007/s10825-021-01778-5
https://doi.org/10.1007/s10825-021-01778-5
https://doi.org/10.1093/nsr/nwy153
https://doi.org/10.1093/nsr/nwy153
https://doi.org/10.1103/PhysRevB.101.195438
https://doi.org/10.1103/PhysRevB.101.195438
https://doi.org/10.1007/978-94-015-8839-3_4.
https://doi.org/10.1007/978-94-015-8839-3_4.
https://doi.org/10.1103/PhysRevB.59.2070.
https://doi.org/10.1103/PhysRevB.59.2070.
https://doi.org/10.1038/379413a0
https://doi.org/10.1038/379413a0
https://doi.org/10.1103/PhysRevLett.77.3613.
https://doi.org/10.1103/PhysRevLett.77.3613.
https://basjsci.net/index.php/bsj/article/view/151
https://basjsci.net/index.php/bsj/article/view/151
https://doi.org/10.1126/science.1116955
https://doi.org/10.1126/science.1116955


JOURNAL OF KUFA–PHYSICS |  Vol. 16, No. 2 (2024)                                                        Emad. S. Taiyh 

   61 

[11 ]  F. Koppens, K. Nowack, and L. 

Vandersypen, "Spin echo of a 

single electron spin in a quantum 

dot," Physical Review Letters, 

vol. 100  ,no. 23, p. 236802, 

2008. 
https://doi.org/10.1103/PhysR
evLett.100.236802 

[12 ]  C. Barthel et al., "Relaxation and 

readout visibility of a singlet-

triplet qubit in an Overhauser 

field gradient," Physical Review 

B, vol. 85, no. 3, p. 035306, 

2012. 

https://doi.org/10.1103/PhysR
evB.85.035306 

 

[13 ]  Z. Qi et al., "Effects of charge 

noise on a pulse-gated singlet-

triplet S− T− qubit," Physical 

Review B, vol. 96, no. 11, p. 

115305, 2017. 
https://doi.org/10.1103/PhysR
evB.96.115305 

[14 ]  J. Taylor et al., "Fault-tolerant 

architecture for quantum 

computation using electrically 

controlled semiconductor 

spins," Nature Physics, vol. 1, 

no. 3, pp. 177.2005  ,183 - 
https://doi.org/10.1038/nphys
174 

 

[15 ]  D. Loss and D. P. DiVincenzo, 

"Quantum computation with 

quantum dots," Physical Review 

A, vol. 57, no. 1, p. 120, 1998.  

https://doi.org/10.1103/PhysR
evA.57.120 

[16 ]  J. Taylor, J. Petta, A. Johnson, 

A. Yacoby, C. Marcus, and M. 

Lukin, "Relaxation, dephasing, 

and quantum control of electron 

spins in double quantum dots," 

Physical Review B, vol. 76, no. 

3, p. 035315, 2007. 

https://doi.org/10.1103/PhysR
evB.76.035315 

 

[17 ]  J. T. Muhonen et al., "Storing 

quantum information for 30 

seconds in a nanoelectronic 

device," Nature 

nanotechnology, vol. 9, no. 12, 

pp. 986-991, 2014. 
https://doi.org/10.1038/nnano.
2014.211 

 

[18 ]  D. P. DiVincenzo, D. Bacon, J. 

Kempe, G. Burkard, and K. B. 

Whaley, "Universal quantum 

computation with the exchange 

interaction," nature, vol. 408, 

no. 6810, pp. 339-342, 2000. 
https://doi.org/10.1038/35042
541 

[19 ]  M. A. Nattiq, J. M. Al-Mukh, J. 

M. K. Al-Zyadi, And M. Jabbar, 

"Time Dependent Spin 

Transport Through T–Shaped 

Double Quantum Dots 

Embedded Between Two (Half–

Metallic Scc Bulk) Leads," 

Journal of Basrah Researches 

((Sciences)), vol. 45, no. 2, 2019. 
https://www.iasj.net/iasj/down
load/8d4d9f610777e7c7 

[20 ]  E. A. Laird, J. M. Taylor, D. P. 

DiVincenzo, C. M. Marcus, M. 

P. Hanson, and A. C. Gossard, 

"Coherent spin manipulation in 

an exchange-only qubit," 

Physical Review B, vol. 82, no. 

7, p. 075403, 2010. 
https://doi.org/10.1103/PhysR
evB.82.075403 

[21 ]  J. Medford et al., "Quantum-dot-

based resonant exchange qubit," 

Physical review letters, vol. 111, 

no. 5, p. 050501, 201.3 
https://doi.org/10.1103/PhysR
evLett.111.050501 

[22 ]  D. Kim et al., "Quantum control 

and process tomography of a 

semiconductor quantum dot 

hybrid qubit," Nature, vol. 511, 

no. 7507, pp. 70-74, 2014. 
https://doi.org/10.1038/nature
13407 

[23 ]  Z. Shi et al., "Fast hybrid silicon 

double-quantum-dot qubit," 

Physical review letters, vol. 

108  ,no. 14, p. 140503, 2012. 
https://doi.org/10.1103/PhysR
evLett.108.140503 

 

[24 ]  G. Cao et al., "Tunable hybrid 

qubit in a GaAs double quantum 

https://doi.org/10.1103/PhysRevLett.100.236802
https://doi.org/10.1103/PhysRevLett.100.236802
https://doi.org/10.1103/PhysRevB.85.035306
https://doi.org/10.1103/PhysRevB.85.035306
https://doi.org/10.1103/PhysRevB.96.115305
https://doi.org/10.1103/PhysRevB.96.115305
https://doi.org/10.1038/nphys174
https://doi.org/10.1038/nphys174
https://doi.org/10.1103/PhysRevA.57.120
https://doi.org/10.1103/PhysRevA.57.120
https://doi.org/10.1103/PhysRevA.57.120
https://doi.org/10.1103/PhysRevB.76.035315
https://doi.org/10.1103/PhysRevB.76.035315
https://doi.org/10.1038/nnano.2014.211
https://doi.org/10.1038/nnano.2014.211
https://doi.org/10.1038/35042541
https://doi.org/10.1038/35042541
https://www.iasj.net/iasj/download/8d4d9f610777e7c7
https://www.iasj.net/iasj/download/8d4d9f610777e7c7
https://doi.org/10.1103/PhysRevB.82.075403
https://doi.org/10.1103/PhysRevB.82.075403
https://doi.org/10.1103/PhysRevLett.111.050501
https://doi.org/10.1103/PhysRevLett.111.050501
https://doi.org/10.1038/nature13407
https://doi.org/10.1038/nature13407
https://doi.org/10.1103/PhysRevLett.108.140503
https://doi.org/10.1103/PhysRevLett.108.140503


JOURNAL OF KUFA–PHYSICS |  Vol. 16, No. 2 (2024)                                                                                     Emad. S. Taiyh  

  62 

dot," Physical review letters, 

vol. 116, no. 8, p. 086801, 2016. 
https://doi.org/10.1103/PhysR
evLett.116.086801 

[25 ]  L. Nazar and T. J. J. o. K.-P. 

Salman, "Tunneling 

magnetoresistance calculation 

for double  quantum dot 

connected in parallel shape to 

ferromagnetic Leads," vol. 15, 

no. 01, pp. 69-76, 2023. ) 
https://doi.org/10.31257/2018/J

KP/2023/v15.i01.11428 

[26 ]  A. Tyryshkin et al., "Coherence 

of spin qubits in silicon," 

Journal of Physics: Condensed 

Matter, vol. 18, no. 21, p. S783, 

2006. DOI 10.1088/0953-
8984/18/21/S06 

[27 ]  A. H. Altajer et  al., "Novel 

carbon quantum dots: Green and 

facile synthesis, characterization 

and its application in on-off-on 

fluorescent probes for ascorbic 

acid," vol. 11, no. 2, pp. 236-

242, 2021 . doi 
10.22052/JNS.2021.02.004 

[28 ]  P. Harvey-Collard et al., "Spin-

orbit interactions for singlet-

triplet qubits in silicon," 

Physical review letters, vol. 122, 

no. 21, p. 217702, 2019. 
https://doi.org/10.1103/PhysR
evLett.122.217702 

[29 ]  A. Khaetskii, D. Loss, and L. 

Glazman, "Electron spin 

evolution induced by interaction 

with nuclei in a quantum dot," 

Physical Review B, vol. 67, no. 

19, p. 195329   ,2003.  
https://doi.org/10.1103/PhysR
evB.67.195329 

[30 ]  C. Tahan and R. Joynt, "Rashba 

spin-orbit coupling and spin 

relaxation in silicon quantum 

wells," Physical Review B, vol. 

71, no. 7, p. 075315, 2005 
https://doi.org/10.1103/PhysR

evB.71.075315 . 

[31 ]  M. Prada, R. Blick, and R. Joynt, 

"Singlet-triplet relaxation in 

two-electron silicon quantum 

dots," Physical Review B, vol. 

77, no. 11, p. 115438, 2008. 

https://doi.org/10.1103/PhysR
evB.77.115438 

[32 ]  H. Liu et al., "Pauli-spin-

blockade transport through a 

silicon double quantum dot," 

Physical Review B, vol. 77, no. 

7, p. 073310, 2008. 
https://doi.org/10.1103/PhysR
evB.77.073310 

[33 ]  H. Liu, T. Fujisawa, H. Inokawa, 

Y. Ono  ,A. Fujiwara, and Y. 

Hirayama, "A gate-defined 

silicon quantum dot molecule," 

Applied Physics Letters, vol. 92, 

no. 22, 2008 
https://doi.org/10.1063/1.2938
693. 

[34 ]  E. Nordberg et al., 

"Enhancement-mode double-

top-gated metal-oxide-

semiconductor nanostructures 

with tunable lateral geometry  ",

Physical Review B, vol. 80, no. 

11, p. 115331, 2009. 
https://doi.org/10.1103/PhysR
evB.80.115331 

[35 ]  G. Chan and X. Wang, "On the 

validity of microscopic 

calculations of double-quantum-

dot spin qubits based on Fock-

Darwin states," Science China 

Physics, Mechanics & 

Astronomy, vol. 61, no. 4, 20.18 
https://doi.org/10.1007/s1143
3-017-9145-6 

 

[36 ]  A. Caticha, "Construction of 

exactly soluble double-well 

potentials," Physical Review A, 

vol. 51, no. 5, p. 4264, 1995. 

https://doi.org/10.1103/PhysR
evA.51.4264 

[37 ]  G. Burkard, D. Loss, and D. P. 

DiVincenzo, "Coupled quantum 

dots as quantum gates," Physical 

Review B, vol. 59, no. 3, p .

.1999  ,2070 
https://doi.org/10.1103/PhysR
evB.59.2070 

[38 ]  Q. Li, Ł. Cywiński, D. Culcer, 

X. Hu, and S. Das Sarma, 

"Exchange coupling in silicon 

quantum dots: Theoretical 

considerations for quantum 

https://doi.org/10.1103/PhysRevLett.116.086801
https://doi.org/10.1103/PhysRevLett.116.086801
https://doi.org/10.31257/2018/JKP/2023/v15.i01.11428
https://doi.org/10.31257/2018/JKP/2023/v15.i01.11428
file:///E:/NEW/DOI%2010.1088/0953-8984/18/21/S06
file:///E:/NEW/DOI%2010.1088/0953-8984/18/21/S06
https://doi.org/10.22052/JNS.2021.02.004
https://doi.org/10.1103/PhysRevLett.122.217702
https://doi.org/10.1103/PhysRevLett.122.217702
https://doi.org/10.1103/PhysRevB.67.195329
https://doi.org/10.1103/PhysRevB.67.195329
https://doi.org/10.1103/PhysRevB.71.075315
https://doi.org/10.1103/PhysRevB.71.075315
https://doi.org/10.1103/PhysRevB.77.115438
https://doi.org/10.1103/PhysRevB.77.115438
https://doi.org/10.1103/PhysRevB.77.073310
https://doi.org/10.1103/PhysRevB.77.073310
https://doi.org/10.1063/1.2938693
https://doi.org/10.1063/1.2938693
https://doi.org/10.1103/PhysRevB.80.115331
https://doi.org/10.1103/PhysRevB.80.115331
https://doi.org/10.1007/s11433-017-9145-6
https://doi.org/10.1007/s11433-017-9145-6
https://doi.org/10.1103/PhysRevA.51.4264
https://doi.org/10.1103/PhysRevA.51.4264
https://doi.org/10.1103/PhysRevB.59.2070
https://doi.org/10.1103/PhysRevB.59.2070


JOURNAL OF KUFA–PHYSICS |  Vol. 16, No. 2 (2024)                                                        Emad. S. Taiyh 

   63 

computation," Physical Review 

B, vol. 81, no. 8, 2010. 
https://doi.org/10.1103/PhysR
evB.81.085313 

[39 ]  C. Beihua, W. Yan, and X. 

Qiongtao, "Heun functions and 

quasi-exactly solvable double-

well potentials," Journal of 

Physics. A, Mathematical and 

Theoretical (Online), vol. 46, 

2013 . 

[40 ]  Q. Xie, L. Wang, and J. Fu, 

"Analytical solutions for a class 

of double-well potentials," 

Physica Scripta  ,vol. 90, no. 4, p. 

045204, 2015.  
https://iopscience.iop.org/articl
e/10.1088/0031-
8949/90/4/045204/meta 

[41 ]  Q.-T. Xie, "New quasi-exactly 

solvable double-well 

potentials," Journal of Physics 

A: Mathematical and 

Theoretical, vol. 45, no. 17, p. 

175302, 2012. 
https://iopscience.iop.org/articl
e/10.1088/1751-
8113/45/17/175302/meta 

[42 ]  V. Jelic and F. Marsiglio, "The 

double-well potential in 

quantum mechanics: a simple, 

numerically exact formulation," 

European Journal of Physics, 

vol. 33, no. 6, p. 1651, 2012. 
https://iopscience.iop.org/articl
e/10.1088/0143-
0807/33/6/1651/meta 

 

[43 ]  R. Muñoz-Vega, E. López-

Chávez, E. Salinas-Hernandez, 

J.-J. Flores-Godoy, and G. 

Fernández-Anaya, "An exactly 

soluble model of a shallow 

double well," Physics Letters A, 

vol. 378, no. 30-31, pp. 2070-

2073, 2014. 
https://doi.org/10.1016/j.physl
eta.2014.05.047 

[44 ]  W. Heitler and F. London, 

"Wechselwirkung neutraler 

Atome und homöopolare 

Bindung nach der 

Quantenmechanik," Zeitschrift 

für Physik, vol. 44, no. 6-7, pp. 

455-472, 1927. 
https://doi.org/10.1007/BF013
97394 

[45 ]  D. C. Mattis, The theory of 

magnetism I: Statics and 

Dynamics. Springer Science & 

Business Media, 2012 . 

 

 

 

 

  

 

 

 

 

 

                

  

            

 

   

 

https://doi.org/10.1103/PhysRevB.81.085313
https://doi.org/10.1103/PhysRevB.81.085313
https://iopscience.iop.org/article/10.1088/0031-8949/90/4/045204/meta
https://iopscience.iop.org/article/10.1088/0031-8949/90/4/045204/meta
https://iopscience.iop.org/article/10.1088/0031-8949/90/4/045204/meta
https://iopscience.iop.org/article/10.1088/0031-8949/90/4/045204/meta
https://iopscience.iop.org/article/10.1088/1751-8113/45/17/175302/meta
https://iopscience.iop.org/article/10.1088/1751-8113/45/17/175302/meta
https://iopscience.iop.org/article/10.1088/1751-8113/45/17/175302/meta
https://iopscience.iop.org/article/10.1088/0143-0807/33/6/1651/meta
https://iopscience.iop.org/article/10.1088/0143-0807/33/6/1651/meta
https://iopscience.iop.org/article/10.1088/0143-0807/33/6/1651/meta
https://doi.org/10.1016/j.physleta.2014.05.047
https://doi.org/10.1016/j.physleta.2014.05.047
https://doi.org/10.1007/BF01397394
https://doi.org/10.1007/BF01397394

