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This is a comparative Hartree-Fock study of the atomic model systems for
fluorine (F) and neon (Ne), along with their respective singly charged ions (F* and
Ne*), considering the ground-state configurations of the 1s and 2s subshells. In
particular, this study evaluates one- and two-particle radial density distributions,
inter-electronic distribution functions, and expectation values of both radial and inter-
electronic distances, along with their standard deviations. This study also examines
electron repulsion -the kinetic energy, electron-nucleus attraction energy, electron
energy, and total Hartree-Fock energy. The results reveal significant spatial
contractions and energetic stabilizations in the 2s subshell following ionization, but
not in the 1s subshell. The results obtained in this study show the differential
sensitivity to ionization of core and valence shells in a medium-light atomic system
and are consistent with previously reported results. All calculations were conducted
using a self-consistent field implementation of the Hartree-Fock method in Mathcad
15, with Slater-type orbitals expressed in atomic units.
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1. INTRODUCTION

The precise theoretical modeling of
multi-electron atoms is still an
important  problem in  quantum
mechanics, due mainly to electron-
electron interactions [1]. There are
numerous theoretical approximations to
solve this problem. Among these, the
most widely used is the Hartree-Fock
(HF)  approximation. = The  HF
approximation conceptualizes electrons
moving independently in a mean field
generated by all other electrons on
average. From the HF approximation, a
self-consistent description of the many-
electron wave function of an atom is
obtained [2].

In HF, the total wave function is a
Slater determinant of the spin-orbitals.
The Slater determinant guarantees that
the total wave function is ant symmetric
with respect to the exchange of any two
electrons and also follows the Pauli
exclusion principle. The spatial parts
for the orbitals are typically Slater-type
orbitals (STOs) to be constructed via an
SCF process. HF is a reasonable option
for the determination of ground state
properties and investigation of atomic
shell behaviour, although it does not
account for dynamic correlation[3].

The HF formalism has been applied
to dozens of atoms and ions of various
atomic numbers and charge states [4].
Theoretical physical observables, such
as radial electron distributions, various
inter-particle distance functions, and
components of energy (kinetic,
attraction to nuclei, electron-electron
repulsion), can be generated. There are
reported studies that examined neutral

atoms and their singly ionized atoms,
especially involving multiple second-
period elements [5-7].

In this context, a Hartree-Fock
analysis of fluorine (F) and neon (Ne)
and their singly charged ions (F* and
Ne™) with careful attention paid to the
Is and 2s subshells. The changes in
electronic structure due to ionization are
analyzed by one- and two-particle radial
density functions, f(r12), and numerous
expectation values, (ri"), (ri2") (n = -2,-
1,0,1,2), as well as their associated
statistical measures such as standard
deviations. We will also compute and
analyze the kinetic energy, electron—
nucleus attraction energy, electron-
electron repulsion, and total Hartree-
Fock energy for each subshell.This
study aims to provide valuable
information regarding the structural and
electronic localization, and energetic
behaviour  during ionization  of
moderately light atoms. We examine
the differences in behaviour between
the inner-core (1s) and outer-valence
(2s) electrons concerning their spatial
distribution within the same shell
structure. We contribute to a better
understanding of shell-specific
dynamics during atomic ionization, as
illustrated by spatial distribution
graphs, while establishing a foundation
for subsequent computational and
experimental work.

2 - Methodology

2-1 Hartree-Fock Approximation
The HF method describes the
many-body wave function as a single
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Slater determinant constructed from
spin-orbitals [8]:

lpnfms (T‘, w) 21)

= Rpe(r)Ypm (0, d) xs(w)

The spatial part of the atomic
orbitals is defined using the standard
normalized Slater-type orbital (STO),
which generally has the following form:

() =N -r*le=sr

where N is the normalization
constant, C is the orbital exponent that
characterizes the spatial extent of the
orbital, and n is the principal quantum
number (e.g.,n=1 for Is and n =2 for
2s orbitals). Slater-type orbitals are
commonly used in atomic structure
calculations because they provide
reasonable electron localization very
close to the nucleus and exhibit the
correct asymptotic behavior at large
distances.

Instead of performing the self-
consistent field (SCF) calculation in an
iterative fashion, the parameters n, N,
and { were obtained from Roothaan’s
standard Hartree-Fock tables [9],
which provide well-optimized basis
functions for ground-state atoms. The
advantage of using the Roothaan

tables is that the coefficients
represent the basis sets with high
accuracy, and no iterative optimization
of the orbitals is required. The
wavefunctions used in the radial and
inter-electronic properties are
consistent with quantum chemical
benchmarks; therefore, while a full SCF
loop was not performed, the underlying
Hartree-Fock formalism remains valid.

The Roothaan coefficients provide
a credible basis for further computation

of physical quantities such as electron
density  distributions and energy
expectation values. In all cases, the
functions were computed in atomic
units (a.u.), and integrations were
performed in Mathcad 15 using
stringent numerical settings to ensure
numerical stability and consistency
throughout the calculations.

2-2 Slater Determinant

To satisfy the Pauli exclusion
principle, the many-electron wave
function is expressed as a Slater
determinant, which is an
antisymmetrized combination of single-
electron spin-orbitals [10]:

Wyr(ry, 1,00, 1y)

Yi(r)  Po(r) - P3()

:L 1/)10‘2) ’J)z(rz) ¢3§7”2) 2.2)

VN : : : :
YnOw) YnOn) - Pylry)

The antisymmetrized form
guarantees that interchanging two
electrons will only change the sign of
the wave function. Each spin-orbital
yi(r) consists of a spatial part and a spin
part. The determinant structure
inherently enforces the requirement that
no two electrons occupy the same
quantum state.

2-3 One-Particle Radial Density
Function [11]
D(ry) = f
| l/)(rll 01 ¢) |2 r]_zdﬂ

This function describes the

(2.3)

probability of finding an electron at a
distance rl from the nucleus.

2-4 Two-Particle Radial Density
Function [12]
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D(Tl, rZ)

2.4
= ff r(rl'rz)ﬁzrzzdﬂldﬂz @4

Describes the probability of finding
two electrons at distances r; and 7.

2-5 Inter-Electron Distribution
Function [13]
flriz) = ff | W(ry,12) 125 n—-n

2.5
| —le)drldrz ( )

describes  the
probability of a pair of electrons being

This function

separated at a distance 7y5.

2-6 Expectation Values [14]

o) = [ oovdn
’ o (2.6)
(riz) = fo 13 f(r1z)dr;
To examine electron spatial
behavior, calculations of expectation
values (ri") and (ri.") were performed
for n = —2,-1,0,1,and 2. Negative n
values (n < 0) are close to the nucleus or
minimal electron-electron distances,
positive n values (n > 0) are the outer
regions of electron distribution and
wider spread.

2-7 Standard Deviations [15]

Ary = ,/(7&2) —(r)* ,
Ary, = ’(7122) — (112)?

The standard deviations Ar: and
Ari2 serve as quantitative indicators for
both spatial dispersion and positional
uncertainty among electrons.

2.7)

. 2 . 2
(Vee) — %fo | l1[)1(7"1) | |lpbj(r2) | dTldTZ

2-8 Energy Components [16]
2-8-1 Kinetic Energy:
(2.8)

1
(Ty= =5 > (e | V1)

2-8-2 Electron-Nucleus Attraction:
Z
Vad == > (015190 29

L

2-8-3 Electron-Electron Repulsion:

[y —75 |
i#j 1 2

2-8-4 Total Energy:

(E) =(T) + (Ven) + (V) (2.11)

The study involved assessing these
energy components for the Is and 2s
subshells in both fluorine and neon
atoms alongside their singly ionized
cations to investigate ionization effects
on inner and outer shell contributions.

3. Results and Discussion

All equations used in this study
were processed in Mathcad 15,
leveraging its symbolic and numerical
integration capabilities. The
calculations were performed in atomic
units (a.u.) for consistency, with radial
functions evaluated over the range of r
=0.0001 to 16 a.u. Numerical integrals
(such as normalization and energy
calculations)
Mathcad’s built-in integration engine,
which offers high-precision symbolic
and numeric integration  tools.
Roothaan’s parameters for Slater-type

were performed using

orbitals were used as inputs to construct
the atomic wavefunctions, enabling the
accurate evaluation of expectation
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values, energy components, and various

distribution functions used

in this

study. The numerical results for the

neutral atoms and their singly-charged
ions are listed in the following tables
and figures.

Table 1 Peak Values and Radial Positions of the One-Particle Density Function D(r;) for
the 1s and 2s Subshells of Fluorine and Neon Atoms and Their Ions.

1s shell
Results and
comparison ri Dmax(rl)
Pw 0.11 4.6056
Refl[17] 0.11 4.608
Pw 0.1151 4.615
Pw 0.1 5.1413
Ref.[17] 0.10 5.137
Pw 0.1032 5.1468
Ref.[7] - -

r
0.09
0.0908
0.08
0.0812
0.087

2s shell
First peak Second peak
Dmax(rl) 1 Dmax(rl)

0.1978 0.77 1.055
0.2123 0.7559 1.1109
0.22671 0.68 1.1846
0.24117 0.6773 1.2393
0.2395 0.674 1.2393

Table 2. Expectation Values and Standard Deviations of (r;") for the 1s and 2s Subshells
of Fluorine and Neon Atoms and Their Ions

shell <ri?
Is 150.85
095
Ref.[14 150.83
] 417
2s 8.6985
1s 150.90
2s 9.2958
Ref.[7] 9.2958
1s 187.20
Ref.[14 187.19
2s 11.0711
1s 187.27
2s 11.7351

<
8.630
4

8.630
362

1.449
8.632
1.503
1.503
9.618
9.618
1.632
9.620
1.685

<rq?

1

<r>

0.17575

0.175747

1.00102
0.17567
0.96088
0.960880
0.15763
0.157631
0.89213
0.15757
0.86033

< Ar1

0.04 0.10

161 356
0.04

1612
1.21 0.46
0.04 0.1
1.10 0.09
1.10 ---
0.03 0.09
0.03 ---
0.96 0.41
0.03 0.09
0.89 0.38

85



Ahmed Jammel Mahdi and Qassim Shamkhi AL-Khafaji JOURNAL OF KUFA-PHYSICS | Vol. 17, No. 1 (2025)

T .
Ne Ne
i -

L=
]

Dsiry)
D

Dearih
-y

ri

Figure 1. One-Particle Radial Density Distributions D(r;) for the 1s and 2s Subshells of
Fluorine and Neon Atoms and Their Ions:
(a) 1s subshell of F and Ne atoms,
(b) 1s subshell of F* and Ne* ions,
(c¢) 2s subshell of F and Ne atoms,
(d) 2s subshell of F* and Ne* ions.

The data presented in Table 1 and (ri') and (r17?), illustrating the stronger
the graphical representations provided nuclear attraction that draws inner
in Figure 1 remains relatively stable electrons closer to the nucleus.

upon ionization for the 1s subshell. The

: .. Compared to the 1s subshell, the 2s
radial position and peak value of D(r,)

subshell was relatively more sensitive
to ionization and atomic number. After
ionization, the peaks of D(r,) not only
increased in height but also shifted
inward, indicating greater electron
localization and spatial contraction. For
example, in the fluorine atom, the 2s

remain nearly identical for both neutral
and ionized F and Ne. This suggests that
the tightly bound inner-shell electrons
are unaffected by the removal of an
outer-shell electron. However,
divergence across atomic number in the
height and radial position of the density
peak. As atomic number increases from
Z =9 (F) to Z = 10 (Ne), the electron
density increases and the shell

peak value was Duax(r,) = 1.055 in the
neutral state, whereas the peak value for
F* indicates an increased value of
Dimax(r1)=1.1109. Furthermore, and even
more pronounced, the 2s density peak
for Ne exhibited the highest peak
density value Dpax(r1)=1.1846 which

correspondingly contracts, this is
observed in both the radial peak
locations and the expectation values of
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represents a further increase in peak
density due to comparatively greater
nuclear attraction experienced as
atomic number increases. The trends
indicated above provide support the
combined effect of

atomic number and ionization on
the magnitude of 2s contraction. An
increase in atomic number raises the
density peak by reducing radial
distance, owing to reduced shielding

and stronger nuclear attraction.

the effect of
repulsion, further
enhancing the contraction. Overall,
while both representations demonstrate
correlations between structural changes
for the 1s and 2s subshells with
ionization and atomic number, the

Ionization reduces

electron-electron

changes observed for the 2s subshell are
larger and more variable than those for
the 1s subshell.

Table 3. Peak Values and Radial Positions of the Inter-Electronic Distribution Function
f(r12) for the 1s and 2s Subshells of Fluorine and Neon Atoms and Their Ions

s shelll
Ion r12 fmax(r12)
F 0.19 3.3798
F* 0.19 3.3815
Ne 0.17 3.7688
Ne* 0.17 3.7705

2s shell
r12 fmax(rlz)
1.22 0.66155
1.19 0.69312
1.08 0.7419
1.06 0.77337

Table 4. Expectation Values and Standard Deviations of (r::") for the 1s and 2s
Subshells of Fluorine and Neon Atoms and Their Ions.

shell <Tr122> <ryl>
Is 49.29297 5.35670
Ref,[17] 49.29188 5.35635
2s 1.36426 0.91041

Is 49.32167 5.35867

2s 1.46824 0.94569

Is 61.24785 5.97179

2s 1.72157 1.02189

Is 61.27510 5.97346

2s 1.83682 1.05682

<ri2%> <r!> <7r1?>
1 0.25683 0.08322
--- 0.25692 0.08332
1 1.42309 2.43244
1 0.25672 0.08313
1 1.36276 221674
1 0.23035 0.06694
1 1.26870 1.93436
1 0.23024 0.06686
1 1.22080 1.78110

Ari2
0.13137

0.132

0.63816
0.13123
0.59969
0.11781
0.56987
0.11770
0.53921
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Inter-Electronic Distance Distributions f(r2) for the 1s and 2s Subshells Figure 2.
of Fluorine and Neon Atoms and Their Ions:
(a) 1s subshell of F and Ne atoms,
(b) 1s subshell of F* and Ne* ions,
(c) 2s subshell of F and Ne atoms,
(d) 2s subshell of F* and Ne* ions.

The inter-electronic distribution
function f(ri2) describes the average
inter-electronic distance within atomic
shells. The findings in Tables 3 and 4,
illustrated in Figure 2, suggest that the
Is shell is only marginally affected by
ionization compared with the 2s shell,
which is highly sensitive to ionization.

The position of the peak ri2 and
fmax(r12) for the Is subshell remains
largely unchanged after ionization,
showing a negligible effect on the
tightly bound core electrons (e.g., for F
— F*, value of the ri2 remains constant
0.19 a.u., while the value of fmax(r12)
increases from 3.3798 to 3.3815).

In contrast, when comparing
fluorine (Z = 9) with neon (Z = 10), the

Is shell exhibits a slight shift inward
(from 0.19 to 0.17 a.u.) and a slight
increase in peak height (from 3.76 to
3.77), owing to greater electron
confinement and increased nuclear
attraction.

The 2s shell clearly shows changes.
Ionization of neon leads to a decrease in
the inter-electronic distance ri2 from
1.08 au. (Ne) to 1.06 au. (Ne),
demonstrating contraction of electrons
locally  within subshells.
Concurrently, an increase in peak value
from 0.7419 to 0.7734 suggests a
compression of the electron-electron
repulsion distribution, indicating more
closely held electrons.

atomic
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The results in Table 4 reinforce this
finding using expectation values of
(r12"). For the 2s shell, the decrease in
(r12), (r12?) and the standard deviation
Ar12 are likely evidence of the effective
tightening of electron distribution upon
ionization. In larger-Z atoms, stronger
electron interactions are evidenced by
smaller (ri2) and larger (ri>') values in
neon Ne compared with Fluorine (F).

The plots of f(ri2) in Figure 2
clearly illustrate the following:

Panels (a) and (b) exhibit the
degree of overlap of distributions for Is
electrons confirming the rigidity of the
Is shell.

Panels (c) and (d) demonstrate
reduced inter-electronic spacing with

increasing atomic number. The effect of
ionization is related to increasing
correlation among electrons within the
2s shell, which persists in the
corresponding ions.

In conclusion, the results from the
inter-electronic distribution functions
show the Is  shell remains
predominantly unchanged, while the 2s
shell contracts significantly with both
ionization and increasing
number. The study suggests that, for
ions, the effects of electron repulsion
and localization = become  more

atomic

pronounced with increasing atomic
number, consistent with observations in
other multi-electron  Hartree-Fock
studies.

Table 5 Values of energy components in the Is and 2s subshells

Ton shell (Vee) —(Ven)
B Is 5.35670 155.34721
Ref[17] 5.35635 155.32938
2s 0.91041 26.09509
F+ Is 5.35867 155.38687
2s 0.94569 27.05967
Ne Is 5.97179 192.36149
2s 1.02189 32.65092
Ne* Is 5.97346 192.40079
2s 1.05682 33.71068

(V) (T) —(En)
149.99052 74.99526 74.99526
149.97303 74.98652 74.98652
25.18468 12.59234 12.59234
150.02820 75.0141 75.0141
26.11398 13.05699 13.05699
186.38970 93.195 93.195
31.62903 15.81451 15.81451
186.42732 93.21366 93.21366
32.65385 16.32693 16.32693

The energetic behavior of the 1s
and 2s subshells under ionization and
increasing atomic number is shown in
Table 5. This Table contains the
expectation values for electron-electron
(Vee), electron—
nucleus attraction energy (Ven), total

repulsion energy

potential energy (V), kinetic energy

(T), and total Hartree-Fock energy
(En).

For the 1s subshells, all their
energy components remain nearly
unchanged upon ionization,
demonstrating that the 1s subshell lies
in the deepest potential well and is
strongly shielded from changes in outer
shells. For example, F has (T) =
74.99526 and F* has (T) = 75.0141,
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while both (Ven) and (Ve) remain
virtually unchanged. A similar trend is
observed for neon (Ne); this provides
quantitative evidence of  the
insensitivity of the 1s shell to the
removal of outer electrons.

For the 2s subshell, significant
energy changes occur following
ionization of the outer electrons. All
energy components increase upon
ionization.

e In F, the kinetic energy (T)
increases from 12.592 to 13.057 and
-(V) increases from 25.18 to 26.11
a.u.

e In Ne, kinetic energy (T) increases
from 15.81 to 16.32 a.u., reinforcing
the idea that electron confinement
increases as screening decreases.
With increasing nuclear charge

from F to Ne, the electron-nucleus

attraction intensifies, causing the total
energies of both the 1s and 2s subshells
to become more negative, despite minor
increases in electron-electron repulsion.

For example, the total Hartree- Fock

energy -(Enr) for the system decreases

significantly from —12.59 a.u. (F) to

—15.81 a.u. (Ne), indicating greater

stabilization, confinement, and

electronic localization.

In general, energetic stabilization
in the 2s shell is accompanied by
increased  kinetic  energy  upon
ionization, whereas the 1s shell is
largely  unaffected. = Furthermore,
increases in atomic number have a
significant impact on the potential well
for both subshells. This is reinforced by
the increasing influence of nuclear
attraction on the electronic structure.

These results are consistent with
previous Hartree—Fock studies based on
the self-consistent field (SCF) method.

4 - Conclusions

The research presented here has
analyzed the 1s and 2s subshells of
fluorine (F) and neon (Ne) and singly
ionizing ions (F*, Ne") using the time-
independent Hartree-Fock
approximation (HF). The important
findings of the research are:

1. The radial and inter-electronic
distributions for the 1s shell were nearly
indistinguishable across the entire
group of studied systems, showing only
slight changes as a function of
ionization and atomic  number
variations.

2. Tonization caused contraction of
the 2s, inferred by sharper D(rl1) and
f(r12) peaks, smaller (r1) and (r12), and
reductions in radial spread.

3. In the absence of ionization,
increasing nuclear charge compressed
the electron cloud from F to Ne,
resulting in a compression of both the
Is and 2s shells, which reflects stronger
nuclear binding.

4. The ionized cases showed a
significantly contracted ionic 2s shell,
especially in Ne", as seen by the sharper
peak in f(ri2), which reflects stronger
spatial localization of electron pairs.

5. Tonization increased the absolute
magnitudes of (T), (Ven), (Vee), and (E)
for the 2s shell; conversely, the energies
for the Is shell remained largely intact,
showing the independence of the
response to ionization changes.
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6. The ionization primarily
affected the behavior of the 2s (valence)
charge; there is no observable structural
or energetic change the 1s (core)
electron density in this study.

7. the HF method  has
demonstrated it can capture subshell-
specific effects resulting from nuclear
charge and ionization in light atoms.
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