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ABSTRACT  

A finite volume analysis of laminar natural convection of air within full parabolic enclosures 

heated from below is reported for the enclosure aspect ratio 0.27  AR  0.7 and a range of the 

Rayleigh number 5.5 x 106  Ra  9.8 x 107. The shape of the enclosures strongly affects the 

results obtained. Quasi-symmetrically arranged counter-rotating vortices are formed in each of 

the enclosures. The shape of the cells are influenced by the bounding curved and flat surfaces 

as they change from being rectangular at the periphery to circular at the core. There are 

reduction in the size and intensity of the on the cells from the center to the bottom corners. At 

steady state, there exists in each enclosure a central thermal plume that thickens as the roof 

pitch angle increases. The heat transfer pattern matches the flow of the plumes and jets from 

the walls. For the 15o roof pitch enclosure, the heat transfer rate increases sharply at a critical 

Ra value of 5 x 106. 

KEYWORDS: Parabolic Enclosure, Natural Convection, Heat Transfer, Pitch Roof, Pitch 

Angle. 
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1. INTRODUCTION 

Over the years, exterior architecture of the roofs of most large buildings such as factories, 

warehouses, worship centres, aircraft hangars, shopping malls and indoor sport halls are mostly 

parabolic in nature. In the Middle East, dome or vaulted roofs are very common. Among its 

numerous advantages, parabolic roof easily shed off rain and snow, effectively diffuse sunrays 

and minimize accumulation of dirt. The interior view of roofs of parabolic shape has inimitable 

decorative features characterized by large space volume and aesthetic magnificence. In the 

extant literature, a number of researchers have reported various investigations on the parabolic 

roof. On the design, a number of studies were carried out. The effect of design pressure 

coefficients on hyperbolic paraboloid roof was examined by Rizzo and Riccardelli (2017) and 

Colliers et al. (2020). Rizzo et al. (2018) reported the peak factor statistics of wind effects while 

Shen et al. (2020) numerically studied the dynamics of the same paraboloid roof. Simoni and 

Nordestgaard (2017) used hyperbolic paraboloid shape shell structure as a roof for an outdoor 

music stage. 

On the studies on airflow and heat transfer within parabolic roofs, Talabi and Nwabuko (1993) 

reported the laminar free convective heat transfer in a parabolic enclosure heated from above 

for isothermal and constant heat flux boundary conditions. In both cases, the heat transfer rate 

to the cold wall increases with Rayleigh number. Das and Morsi (2002) studied heat transfer 

within curved roofs numerically and observed that roofs with circular and elliptic shapes had 

higher heat transfer rate. Runsheng et al. (2003) compared the effect of absorbed solar radiation 

on the total solar heat gain by vaulted and flat roofs for different climate characteristics and 

latitude. Using a numerical technique, Varol et al. (2007) investigated the flow field and heat 

transfer in gambrel roofs for Rayleigh number between 103 and 107 under winter and summer 

conditions. The result shows that Nusselt number increased with Rayleigh number for both 

cases. Yesiloz and Aydin (2011) reported experimental and numerical natural convection and 

heat transfer in an inclined quadrantal cavity to investigate the effects of the inclination angle 

and the Rayleigh number. It was found that the inclination angle significantly affect the heat 

transfer. Thermal performance of domed and flat roofs was compared by Faghih and Bahador 

(2011). They observed that buildings with domed roof performed better than that with flat roof, 

especially when covered with glazed tiles. 

Mustafa (2011) examined how the vertical curved walls influences the natural convection 

within an inverted trapezoid. The bottom and the curved vertical walls were at constant 

temperatures with insulated top wall. The heat transfer rate decreases inversely with the 
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concavity factor associated with the curved walls. Using the Bejan’s heatlines approach, Basak 

et al. (2013) reported natural convection in porous right angled triangular enclosures with a 

concave and convex hypotenuse. Haghighi et al. (2015) used vented vaulted roof to improve 

the thermal comfort in a building. Elnokaly, et al. (2019) parametrically investigates the thermal 

performance of vaulted roofs with varying cross-section ratios and orientations in order to 

enhance the indoor thermal comfort of buildings in hot-arid regions. 

In this study, the focus is on investigating natural convective heat transfer in full geometry of 

parabolic rooftops heated from the bottom wall as reported in Holtzman et al. (2000).  

2. METHODOLOGY 

A long, horizontal attic space with a parabolic cross-section shown in Fig. 1 is considered in 

this study. The roof extends more than double its width in length. The flow field and heat 

transfer are then two-dimensional (Penot and N’Dame, 1992).  

 

 

Fig. 1.  Physical model 

The enclosure with no internal heat generation is filled with dry air. The Boussinesq 

approximation is employed; Gray and Giorgini (1976) and Ridouane et al., (2005) validate this 

assumption. 

In actual sense, the roof size depends on the building dimensions. Therefore, the boundary 

conditions and the dimensions of the modeled physical domain, which coincides with the 

computational domain, are normalized. Under steady-state conditions, the governing equations, 

in dimensionless forms with Boussinesq approximation, are presented as: 

Conservation of Mass: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0                                                                                           (1) 
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Conservation of Momentum: 

X-momentum 

𝑈
𝜕𝑈

𝜕𝑋
+  𝑉

𝜕𝑈

𝜕𝑌
 = −

𝜕𝑃

𝜕𝑋
+ Pr (

𝜕2𝑈

𝜕𝑋2
+

𝜕2𝑈

𝜕𝑌2
)                                                                                (2) 

Y-momentum 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+ Pr (

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2) + 𝑅𝑎𝑃𝑟𝜃                                      (3) 

Conservation of Energy 

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
= (

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2)                                                                                                   (4) 

where X =
𝑥

𝐿
 , 𝑌 =  

𝑦

𝐿
 ,𝑉 =  

𝑣𝐿

𝛼
, 𝑈 =  

𝑢𝐿

𝛼
,   𝜃 =  

𝑇−𝑇𝐶

𝑇𝐻− 𝑇𝐶

 , 𝑃 =  
𝑝𝐿2

𝜌𝛼2 , 𝑃𝑟 =  
𝜈

𝛼
,    and 

𝑅𝑎 =  
𝑔𝛽(𝑇𝐻−𝑇𝐶)𝐻3

𝛼𝜈
. 

Boundary conditions:  

On the hot horizontal base wall,   U = V = 0; θ = 1. 

On the cold parabolic wall, U = V = 0; θ = 0. 

The pitch angles selected are within range for standard roofs. The parametric details are given 

in Table 1. 

        Table 1.  Parametric details of the enclosures. 

Pitch Angle (ϕ) o15 o20 o25 o53 

Aspect Ratio, AR  0.27 0.36 0.47 0.70 

Rayleigh Number (Ra) 6x10 5.5   7x10 1.39  7x10 2.91 7x10 9.86 

 

As shown in Fig. 2 for the 35o enclosure, the computational domain is meshed with unstructured 

very fine mesh. ANSYS FLUENT© (V-18) is used to solve the governing equations 

numerically. The pressure-velocity coupling is handled by the SIMPLE scheme. Pressure 

interpolation is resolved using the PRESTO scheme. The momentum and energy equations are 

discretized spatially using the QUICK scheme. For the residuals of the equations, the 

convergence target for the conservation of mass was fixed at 10-5 and at 10-7 for the momentum 

and energy equations. At all the walls, no slip condition applies. 
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Fig. 2. Computational grid for the 35o pitch enclosure. 

For the accuracy of the solution scheme, grid independence tests were carried out. From Table 

2 for the 15o enclosure, 43,000 elements were found adequate for grid independence.. 

Table 2. Grid independence test for the 15o  enclosure. 

Number of elements 42,666 54,356 91,796 

(m/s) maxU 0.0288 0.0289 0.0289 

3. RESULTS AND DISCUSSION 

The predicted flowfield results are presented in the form of streamlines, air velocity contour 

plots and air velocity variations across some cross-sections in Figs. 3-6. The isotherms and 

temperature variations across some cross-sections are in Figs 7-9. The heat transfer patterns are 

shown in form of the variations of the Nusselt number along the hotwall in Figs.10-13. The 

figures for all the pitch angles considered are presented together for ease of comparing in order 

to observe the parametric changes with the roof pitch. This will aid engineering interpretation 

and applications of the results for related specific conditions. 

 

3.1 Flowfield  

The streamlines over the range of roof pitch considered are shown in Fig. 3. Streams of hot, 

rarefied air rising from the hot horizontal wall in form of plumes hit the cold parabolic wall 

perpendicularly. It then loses a major part of its heat content and flows downhill along the 

curved wall. Detaching as cold jets from the curved wall, it descends to be reheated by the base 

wall and repeat the process. This leads to multiple counter-rotating, recirculating vortices 

arranged quasi-symmetrically at steady state. The size and intensity of the cells reduce from the 

midsection towards the corners. As the pitch angle increases, the number of the cells reduces 

because the cells merge. From six in the 15o roof pitch enclosure, it reduces to just two in the 

35o pitch enclosure. The multi-cellular flow structure obtained is similar to that reported by 

Holtzman et al. (2000) in their flow visualization experiments in enclosures heated from the 
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basewall. Due to symmetry assumption, Yesiloz and Aydin (2011) could not obtain 

multicellular flow pattern in the quadrant cavity studied. 

        

 
o15 (a) 

  

 

(b) 20o 

 
o25 ) (c 

 
(d)  35o 

Fig. 3. Streamlines for different roof pitch enclosures. 

Unlike the circular cells formed in isosceles triangular enclosures when heated from below 

(Holtzman et al., 2000), the cells formed change structure from being rectangular at the 

periphery to circular at the core. That implies that the shapes of the cells are moulded by the 

bounding curved and flat surfaces. The number of cells in the 15o, 20o and 25o enclosures 

remains somehow the same in number but as the roof pitch angle increases, the cells grow 

thicker. Adequate knowledge of this flow structure would guide the roof designers and also 

building owners in the use of the attic space. 
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(a) 15o 

 
(b) 20o 

 
(c) 25o 

 
(d) 35o 

Fig. 4. Velocity contour plot for each enclosure. 

The air velocity distributions within different roof pitch enclosures are presented in Fig. 4. 

Velocity is highest at locations where a cell meets an adjacent cell or on the walls. Typically, 

across a cell, the velocity range is divided into two regions: the peripheral area where the 

velocity is high and the core region where the velocity is very low. Near the bottom corners, 

conduction dominates. This conduction area reduces as roof pitch increases. In Fig. 4(a-c), the 

strength of the vortices reduces from the center of the enclosure to the bottom corners. In Fig. 

4 (d), due to the large area covered by each of the two high velocity vortices, the air in the 35o 

roof pitch enclosure is more uniformly mixed. 
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Fig. 5.  Velocity along the centerline at X= 0.5L of the roof pitch angles. 

Velocity variation along the centerline at X = 0.5L of all the enclosures is presented in Fig. 5. 

A profile shows the strength of the plume between two central counter-rotating cells. In an 

enclosure, the profile forms a parabolic shape. It describes the velocity of the hot air as it 

accelerates upward to a maximum velocity about the mid-height. Thereafter, it loses its strength 

as it pushes through the cold air on the upper area. The value of the maximum dimensionless 

velocity, Umax, for each enclosure increases with roof pitch except that of the 35o that suddenly 

drops to 0.44. This is because the two cells within that roof pitch enclosure contain mainly very 

cold fluid. The profile could be used to forecast of the velocity value  along the vertical 

midsection of a similar roof. 

 

Fig. 6. Velocity along  horizontal line at Y= 0.5H of the roof pitch enclosures. 

The variation of the velocity across the midheight of each of the enclosures is shown in Fig. 6. 

The variation depends on the parts of the cells that the horizontal line crosses. While all the 

three cells in the 15o roof pitch are captured, only two of those in the 20o and 25o enclosures fall 

along the line. The peaks coincide with the point where adjacent cells meet while the troughs 

are at the centre of the cells. The span between adjacent peaks therefore connotes the diameter 
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of a cell. The plot makes the prediction of a cell size and its strength at a point in the attic to be 

possible. This information is useful for a proper ventilation of the roof and for food crops 

drying. 

3.2 Temperature Field  

 

o15(a)  
 

 
 

(b) 20o 

 

(c) 25o 

 
o35 (d) 

Fig. 7. Temperature field within different roof pitch enclosures. 

Fig. 7 indicates the contour plot of the isotherms within the enclosures. The pattern depicts 

rising hot plumes from the base wall and cold jets dropping from the parabolic wall in 

synchronous with the convection currents. Half of a plume and half of an adjacent jet make a 

cell. As the roof pitch increases, the plume at the centre becomes larger and the thermal 
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boundary layers along the walls thicken. Near the corners, conduction dominates. This is as a 

result of the quenching effect the cold fluid flowing down the parabolic wall has on the heated 

air at the corners. The average temperature across the roof pitch enclosures reduces as the pitch 

angle increases because more volume of cold fluid has to be heated by the same length of the 

base wall. 

 

Fig. 8. Temperature along the centerline at  X=0.5L of the roof pitch enclosures. 

The temperature variation of air along the central plume at the centerline is shown in Fig. 8. 

The plot shows that temperature reduces gradually upward from the base wall to the edge of 

the thermal boundary layer on the upper cold wall. Expectedly, there is a high temperature 

gradient within the layer. 

 

Fig. 9. Temperature along horizontal line at Y= 0.5H of the roof pitch enclosures. 

Fig. 9 shows the variation of the temperature along the midheight for all the enclosures. The 

pattern of the temperature profile is in consonant with the flow field. A peak coincides with the 

middle of a plume while the trough corresponds to the middle of a jet. Therefore, the diameter 
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of a cell at a location is represented by the distance between adjacent peak and bottom at that 

location.  

3.3 Heat Transfer 

The rate of heat transfer within the roof pitch enclosures is reported using the Nusselt number 

variations as illustrated by the values of the local heat transfer coefficient, hx, along the walls 

of each enclosure. The definition of the local Nusselt number adopted in this study is: 

𝑁𝑢𝑥 =  
ℎ𝑥𝐿

𝜆
                                                                                                                      (5) 

The length, L, of the horizontal base wall is taken as the characteristic length to enable 

comparison of heat transfer data obtained for enclosures having the same base-length. 

     

                            (a)  15o      (b) 20o 

      

                           (c) 25o                 (d) 35o 

Fig. 10. Local Nu plots for different roof pitch enclosures. 

The heat transfer pattern along the hot and cold walls, shown in Fig.10, matches the flow of the 

plumes and jets from the walls. The heat transfer rate is high where the plumes splash on the 

cold parabolic wall and the jets drop on the hot base wall. The rate is low at points at which two 

counter-rotating vortices pull hot or cold air away from a wall. The gap between two peaks 

coincides with the diameter of a cell. 

The wall mean Nusselt number is defined as: 
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𝑁𝑢̅̅ ̅̅
 =  

h̅L

λ
                                                                                                                         (6) 

where ͞h is the mean heat transfer coefficient. 

 

Fig. 11. Average Nusselt number of the hot base wall against roof pitch. 

The relation between the average Nusselt number of the hot wall for each roof pitch is shown 

in Fig.11. The plot is negative-gradient quasi-linear. The N͞u value at 35o roof pitch drops 

drastically to 10% of that for the 15o. This is attributed to the larger volume of air being heated 

by the same length of the hot wall. Similar trend of N͞u reduction as roof pitch angle increases 

is reported by Haese and Tuebner (2002) for triangular attic space heated from below. 

 

Fig. 12. Mean Nusselt number of the hot basewall against Rayleigh number for 15o-roof pitch 

enclosure. 

The variation of the mean Nusselt number (N͞u) of the hot basewall with the Rayleigh number 

(Ra) is shown in Fig. 12 for the 15o roof pitch enclosure. The Ra at 5 x 106 appears to be a 

critical value in which the value of the N͞u increases sharply after it. At Ra value of 5.5 x 106, 

the N͞u value is 8.9. Yesiloz and Aydin (2011), in their experimental study of natural convection 
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in inclined quadrantal cavity, reported an N͞u value of 8.4 for Ra at 5 x 106. Also, Talabi and 

Nwabuko (1993) reported 9.0 at the same Ra value. 

The implications of the results obtained in this study are many. In winter time, the roof pitch 

should be high if the heat loss into the attic is to be minimized. For roofs with low pitch 

however, appropriate quality and thickness of insulation should be installed on the ceiling. On 

the other hand, in the communities where drying of agricultural crops in roofs are still being 

practiced, the roof pitch angle should be low for efficient performance. 

4. CONCLUSIONS 

Laminar natural convective heat transfer of air in enclosures of parabolic shape heated from the 

bottom wall without the usual configuration symmetry assumption has been studied. In all the 

enclosures, the flowfield is characterized by multiple counter-rotating vortices arranged quasi-

symmetrically. There are reduction in the size and intensity of the on the cells from the center 

to the bottom corners. The cells formed change structure from being rectangular at the periphery 

to circular at the core indicating that the shapes of the cells are moulded by the bounding curved 

and flat surfaces of the enclosure. At the centre of each enclosure, a widening thermal plume 

exists. The thermal boundary layers along the walls thicken as the roof pitch increases. The heat 

transfer pattern matches the flow of the plumes and jets from the walls. The Rayleigh number 

becomes critical at 5 x 106 as the heat transfer rate increases sharply after it. 
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